We consider the k=1 Friedman-Lemaitre-Robertson-Walker (FLRW) model within loop quantum cosmology (LQC), from the perspective of the two available quantization prescriptions. We focus our attention on the existence of the so called 'inverse corrections' in the quantization process. We derive the corresponding quantum constraint operators, and study in detail the issue of the self-adjointness of the quantum Hamiltonian constraint for two different quantizations based on open holonomies. Furthermore, we analize in detail the resulting effective theories, paying special attention to issues such as the boundedness of different scalar observables such as energy density and expansion. We show that the inclusion of the inverse corrections solves one of the main undesirable features of the previous formalism, namely the unboundedness of the energy density and expansion near the bounce on the full (effective) phase space. We briefly comment on possible consequences of this new feature.
I. INTRODUCTION
One of the main challenges that any quantum gravity candidate theory faces is to address the issue of gravitational singularities. In the context of cosmological models, this means facing the big bang/crunch singularities head on. Experience with other instances in physics suggests that a consistent quantum theory should resolve the singularity and replace it by something else. Loop quantum cosmology (LQC) [1] [2] [3] [4] , a symmetry reduced model closely related to loop quantum gravity [5] , has provided very clear answers for certain models. The most widely studied model, namely a k=0 FLRW cosmology, has fulfilled that expectation with flying colors; it has been shown that the big bang/crunch singularity is replaced by a big bounce connecting a contracting and an expanding branch [6, 7] . This bounce was been shown to be generic and to provide an absolute bound on the matter density for all physical quantum states. Semiclassical states have also been studied in detail and it has been shown that semiclassicality is preserved across the bounce [8] [9] [10] . A very interesting feature of the quantum dynamics of semiclassical states is that their dynamics can be very well approximated by a set of 'effective equations' that capture the main contribution of the 'quantum loop effects'. These equations are very well approximated by the Einstein's equations at small densities/curvature, but differ considerably from them near the Planck scale [6, 11] . Consistency of the effective description has allowed to discern, from a wide possibility of quantum theories, only one that was introduced by different geometric considerations [6, 12] . One can also show that the effective equations describe with very good accuracy the main features of the quantum dynamics for appropriately defined physical semiclassical states [10] .
For other isotropic models, such as the closed k=1 FRLW model here considered, we do not have that much wealth of information. In [13] , the authors considered the loop quantization of the model, and performed intensive numerical evolutions of semiclassical states that were shown to follow the dynamics dictated by the effective equations (studied in [14] ). In [15] the quantum Hamiltonian was proven to be essentially self-adjoint. A new quantization, mimicking the strategy employed in (spatially curved) anisotropic models in LQC [16, 17] was put forward in [18] . The idea is to define the quantum operator approximating the connection by means of open holonomies. To emphasize this feature, this quantization method was dubbed the connection based quantization and the original one introduced in [13] was named the curvature based quantization. In [18] it was shown that the effective theory of the new quantization provides a very different cyclic universe scenario. Instead of having a succession of bounces and recollapses as in [13] , one now has two different kind of bounces, and recollapses. The universe is still cyclic but only after going through two phases of bounce and recollapse. However, some issues were left unresolved. For instance. in most of the analysis, the so called inverse volume corrections of LQC were largely ignored, as was the self adjointness of the quantum operator. Furthermore, it is known that some attractive features of the effective dynamics of the flat FLRW ere absent in the dynamics of the new theory. In particular, neither the expansion nor the energy density are absolutely bounded, while in the curvature based quantization it is only the expansion that is bounded [18, 19] .
The purpose of this paper is to extend the results of [18] and fill all these gaps. First, we consider from the very beginning the inverse volume corrections, for both quantization methods. Second, we analyse in detail the self-adjointness of the resulting quantum operators for the connection based quantization. We show that the operators are indeed essentially self-adjoint so one can have confidence that the evolution of the states (yet to be done) will be well defined. Finally, we analyse the corresponding effective theories, for both quantization methods, with the modifications coming from the inverse volume corrections. Interestingly, the undesirable features disappear; for both quantization methods, the expansion and the energy density are absolutely bounded in the whole (effective) phase space. This feature might have important ramifications when computing the probability of inflation, as was done in [20, 21] for the flat case.
The structure of the paper is as follows. In Sec. II we introduce some preliminaries regarding the k=1 FLRW model, following [18] . In Sec. III we introduce the quantization for both cases, including the inverse corrections. In the case of the connection based quantization we introduce two different factor orderings. The issue of self-adjointness is considered in Sec. IV. The effective theories for both quantizations is studied in Sec. V. We end with some discussion in Sec. VI.
II. PRELIMINARIES: THE CLOSED FLRW MODEL
In this section we shall recall some preliminary material regarding the spatially closed model. We shall follow the notation of [18] . In this model, as in all FLRW models, the spacetime is taken of the form M = Σ × R, where the underlying spatial homogeneous 3-manifold Σ is topologically a 3-sphere S 3 which can be identified with the symmetry group SU(2). One can naturally define fiducial co-frames
where g is an element of SU (2 
o , and denote the ratio of ℓ o to a o by ϑ which is equal to (2π 2 ) 1/3 . Note that, If we put ϑ equal to 0, the equations for the k=1 model reduce to those for the k=0 model.
The connections and densitized triads in terms of fiducial quantities are given by
The fundamental Poisson bracket is then
where γ is the Barbero-Immirizi parameter. At each point (c, p) of the gravitational phase space, the physical 3-metric q ab is given by
Therefore, the physical volume V of the universe, corresponding to this metric is V = |p| 3/2 . Since the fiducial frames and co-frames are fixed, and due to the parametrization of connections and triads we have chosen, the only remaining constraint is given by the Hamiltonian constraint which has the form
where N is the lapse function, H matter = ρV and Ω ab is the curvature of the spin connection Γ i a which is compatible with the triads. For the k=1 model we have,
With this we end the classical preliminaries of this model. Let us now consider the quantization of the system.
III. LOOP QUANTIZATION
To quantize the model, we have to define an appropriate constraint operator. For that we should introduce well defined operators related to each term of it. In the full theory the elementary variables are the holonomies h 
where ε is 1 if the fiducial and physical frames have the same orientation, otherwise it is -1. Note that here, the parameter µ is arbitrary, so we have and exact identity for any (positive) value of µ. Let us now consider the corresponding operator given by
whereV = |p| 3/2 is the volume operator. One should note that, contrary to the classical identity, for different choices of µ, we will have different operators which are not equivalent.
If we choose the matter field content of the theory to be a massless scalar field, we will also have a term V −1 in the constraint. To introduce a well defined operator for it, we use the same strategy as above. Classically, there is the following identity,
where ℓ is a number between 0 and 1 and j ∈ 1 2
N is a label for the representation in which the holonomy is evaluated. Therefore, the corresponding operator will be
.
We should note that with different choices of ℓ, j and µ, we have different operators but they approach each other when V goes to infinity. For simplicity, we shall take j = 1/2, ℓ = 1/2 or 1/4. To define the operator corresponding to the curvature F ab , there are two possibilities. The first option, which we shall call the curvature based quantization is finding F ab by calculating a holonomy along a square loop with physical area equal to the smallest eigenvalue of area operator in the full theory, hencê
The other possibility, which we call connection based quantization is defined by specifying the connection by calculating an open holonomy along a curve which starts and ends at some point x. It is made of two paths. One is parallel to one of the fiducial frames and the other is antiparallel, and both have the same physical length equal to the square root of smallest eigenvalue of area operator. One then calculates F ab by using this connection. Therefore, for this prescription the curvature becomeŝ
In Eqs. (12) and (13), we have made the choiceμ = λ/ |p|, where λ 2 is equal to smallest eigenvalue of the area operator.
Since the length of each path used for calculating the holonomies needed to find the curvature F ab in the fiducial cell isμℓ o , we will use this length to compute operators in Eqs. (9) and (11) . For example, to find V −1 , if we choose ℓ = 1/2 then V −1 =f 3 and f ψ(V ) = f (V )ψ(V ) where
where
Pl . But if we choose ℓ = 1/4 then V −1 =ĝ 6 , where the eigenvalues ofĝ are given by
We take the gravitational part of the kinematical Hilbert space to be equal to the square integrable functions on the Bohr compactification on the real line, L 2 (R Bohr , dµ Bohr ). In that space, we can choose a basis of eigenstates,
which is related to the volume operatorV as follows:V |v = 8πγ 6 3/2 |v| K |v = V c |v||v with
Pl . This space is endowed with the hermitian scalar product defined by
In this basis, the action of the operator e iαμ c 2 is given by
In the next two sections we shall study both the curvature and connection based quantizations to find modified effective equations which incorporate the effects of inverse triads operators. Since an operator such asf which is a function ofp is not the inverse of f −1 , we shall not ignore any negative power of p and do not cancel them with positive ones before quantization. Furthermore, in the rest of paper, we shall choose lapse function N = 1. To quantize the constraint with lapse function which differs from 1, we can quantize the constraint with lapse equals to one and find a well defined operator for lapse function and order them. With this, we can then arrive at the quantum operator for both types of quantization.
For the curvature based quantization, the constraint operator, without operator ordering, can be written as,
is a part of the operator in eq. (9) . The eigenvalues of this operator in term of volume are
For the connection based quantization, the constraint operator without factor ordering, is given by,
Because of the form of the operators contained in the constraint operator, it is simpler to work with variables β and V and takeV and e iλβ/2 as elementary operators. If we order operators the same as in previous works on k=1 model with curvature based quantization inμ scheme [13] , the Hamiltonian constraint operator has the form
The final quantum theory has a structure very similar to that of [13] . An interesting state for consideration is the one which has support on zero volume namely Ψ(0; φ). Somewhat intuitively, since this state is an eigenstate of volume with zero eigenvalue, one could identify this state with the physical singularity. While the issue of singularity resolution is much more subtle (see, for instance [3, 7] for discussions), it is still instructive to study the behaviour of such state. For instance, the left side of Eq. (23) annihilates this state but the right hand side has a non trivial action. This implies that the contribution from Ψ(0; φ) has to vanish, so there is no 'zero-volume' component of any admissible physical state. In order to write the complete constraint we need an expression for the matter part. For the massless scalar field we haveĈ
where the action of V −2 is defined as follows
Therefore, the action of the total Hamiltonian constraint operator
As is common with any quantization process, there are several factor orderings possible (for a discussion of different choices in the k=0 model, see [22] ). In our case, one can define a second constraint operator given by,
The action of this Hamiltonian operator on a state is given by
wherê
In this case,Ĉ
grav annihilates the Ψ(0; φ) state, so it does not evolve into the other states. On the other hand, the only states which can evolve to this state are Ψ(0 ± 2; φ) and Ψ(0 ± 4; φ) but in that case, their coefficients are zero. This means that Ψ(0; φ) is an 'isolated' state which cannot evolve to other states and any of other states cannot evolve into this one. Therefore, with this choice (and other similar choices) of operator ordering, it is easy to see that the singularity is resolved at quantum level.
One should note that the factor orderings here chosen differ slightly from that in [18] , where the factor ordering was selected to be closer to the Bianchi II and IX cases available in the literature [16, 17] . Let us now consider some properties of this Hamiltonian constraint. In particular, we shall explore the issue of self-adjointness of the quantum operator.
IV. PROPERTIES OF GRAVITATIONAL PART OF THE HAMILTONIAN CON-STRAINT: SELF ADJOINTNESS
In this section we shall focus our attention on the self-adjointness of the quantum constraint operators for the connection based quantization with inverse volume corrections. We shall focus our attention on the operatorĈ (1) defined above, and shall briefly comment on the other possible operatorĈ (2) . In a sense the results here presented can be seen as an extension of the results of [15] to the new quantization and with the inclusion of inverse corrections.
As we mentioned in previous section, the gravitational part of kinematical Hilbert space is Cauchy completion of the vector space of formal finite linear combinations of the elements of the basis {|v : v ∈ R} in which the volume operator (andp) is diagonalized.
We recall that the gravitational part of Hamiltonian constraint, when the lapse function N is equal to 1, is given bŷ
The domain of this operator is
We can express the action of the operators contained in the scalar constraint operator in this domain:Â
sin(λβ)|v = 1 2i (|v − 2 − |v + 2 ).
The operatorĈ (1) grav can then be written in a simpler form aŝ
where U i , i = ±2, ±4, is the shift operator defined as
and C's are some functions of the variable v given by
In this form, it is clear thatĈ grav preserves the subspaces
The kinematical Hilbert space can then be decomposed into these preserved subspaces
In what follows, we shall prove the following properties for the operatorĈ
grav :
grav is essentially self adjoint.
2.Ĉ
grav is sharply negative.
3. For each of the subspaces H ǫ , the restricted operatorĈ (1) grav : H ǫ → H ǫ considered as an essentially self adjoint operator in the Hilbert space H ǫ has a discrete spectrum. 4 . The above restricted operator satisfies:
for arbitrary E > 0 where
Let us now prove all these statements.
Property 1. To prove this property we use the following theorem (theorem VIII.3 of [26]):
Theorem Let T be a densely defined symmetric operator on a Hilbert space. Then the followings are equivalent: a. T is essentially self-adjoint.
b. Ker(T * + z) and Ker(T * +z) are equal to {0}.
c. Ran(T + z) and Ran(T +z) are dense.
Therefore, it is sufficient to show that Ker(Ĉ * grav ± i) is equal to the set {0}.
The matrix representation of the operatorĈ (1) grav can be defined in the basis {|v |v ∈ R} as
grav |w , and sinceĈ (1) grav is symmetric, A vw = A * wv . Note that each row and column of A has, at most, five nonzero elements. Lemma Let T be an operator on the Hilbert space H kin with domain D equal to D(Ĉ
grav ) and A = (a v,w ) v,w∈R be its matrix representation. Then, for φ and ψ in H kin , the following statements are equivalent [23] i. v, φ = w a * v,w w, ψ is absolutely convergent for each v ∈ R and φ ∈ H kin .
ii. ψ ∈ D(T * ) and T * ψ = φ.
By applying the above lemma, eq.(42) can be written as
After multiplying φ from the left on both sides, the above equation gets the form
Since the left hand side is a real number and the right hand side is an imaginary number, |φ| and therefore φ should be 0 and the proof is complete. One important feature is that it is indeed possible to generalize the above proof so that it applies to those symmetric operators which are defined on a Hilbert space H isomorphic to L 2 (S, µ), where S is some measure space with counting measure µ and with domain D a subset of H which contains all finite linear combinations of the elements of the orthogonal basis of H. Furthermore, the index set can be countable or uncountable, and their matrix representation has the same properties as the matrix ofĈ (1) grav , which means that in each row and column they have a finite number of elements.
The gravitational part of the Hamiltonian operators for the flat FRW model, closed FRW with curvature based quantization, Bianchi I, II and IX which come from LQC are some examples of theories where the corresponding geometric constraint operators are similar tô C grav , so that one can apply the general form of the above proof to show that they are essentially self adjoint in their domain.
Property 2. The operatorĈ (1) grav can be written aŝ
From the following inequalities
it is obvious thatĈ (1) grav is negative definite and satisfies,
As a stronger result, we now show that the equationĈ (1) grav φ = 0 has no nontrivial solution for φ and henceĈ (1) grav < 0. Assume some φ = n j=1 a j |v j as an element of D be a solution of equationĈ (1) grav φ = 0. Thus, we have
If there exists a non trivial φ that satisfies the above equation, the terms with the same |v should cancel each other. Without loss of generality, one can write φ = n j=1 a j |v j in such a way that v 1 ≤ v 2 ≤ ... ≤ v n . Hence, it is easy to see that there are two terms a n C +4 (v n )|v n + 4 and a 1 C −4 (v 1 )|v 1 − 4 which cannot cancel with other terms and the only way to cancel them is to put a 1 C −4 (v 1 ) = 0 and a n C +4 (v n ) = 0. According to the definition of C −4 and C +4 and our assumption v 1 ≤ v n , C −4 and C +4 cannot be zero simultaneously and therefore at least one of a 1 or a n should be zero. This means there is no term with |v 1 or |v n in φ. We can repeat the same argument and show step by step that all a j 's in φ are zero and therefore φ = 0.
Properties 3 and 4
Here we shall use the same procedure as in Ref. [15] .
Definition: Let T be an essentially self-adjoint operator defined in some domain D in the Hilbert space H. We say its spectrum is discrete whenever the following conditions are satisfied:
• there exists a basis of H consisting of the eigenvectors of T ,
• for each eigenvalue the corresponding eigenvectors span a finite dimensional subspace,
• for every finite interval I of R, the set of the eigenvalues of T contained in I is finite. Also let T be a self-adjoint operator in a Hilbert space H, α be a real number and ι be an inequality relation, we define P T ια : H → H as the spectral projector of T onto the interval {t ∈ R : tια}. We mean by H T ια to be the image of P T ια
To prove the properties 3 and 4, we use the following lemma [15] : • On the domain D the following inequality holds
• B, as an operator defined in D(B), is self adjoint, positive and has discrete spectrum.
Then B is also positive and has discrete spectrum. Moreover, the following inequality holds for arbitrary λ ≥ 0 dimH B ′ <λ ≤ dimH B≤λ .
By fixing ǫ ∈ R and defining H = H ǫ and D = H ǫ as the corresponding Hilbert space and the domain of the following operators
the above lemma implies the properties 3 and 4.
Let us now briefly summarize the situation for the operatorĈ (2) grav . It is straightforward to show that this operator satisfies the properties 1, 3 and 4 above. It does not satisfy property 2, since the operator is only non-positive.
One can conclude that these results establish the self-adjointness nature of the quantum operators introduced in the previous Section. An interesting spin-off of the results here proved is that they imply also the self-adjointness of the connection based quantization without inverse corrections, as defined in [18] , as well as for the curvature based operator with inverse corrections. As we have mentioned above, some of the methods of proof can be readily applied to other operators of interest in anisotropic loop quantum cosmology.
Let us now analyse the effective theories defined by both quantum theories. In the next Section we shall first consider the 'curvature based' quantization followed by the study of the connection based.
V. EFFECTIVE THEORY
As is now usual practice in LQC, the study of the effective description for the model in question can provide valuable information regarding the dynamics of certain semiclassical states (for a detailed description of the motivation and derivation of such description see [3] and [4] ). This section has two parts. In the first one we consider the theory obtained by means of the curvature based quantization. In the second part, e consider the theory obtained by means of the connection based quantization.
A. Curvature Based Quantization
Let us first consider the theory for which the curvature is obtained via closed holonomies. In this case, it is straightforward to see that the effective Hamiltonian is
Since we want to find some effective equations which give us a possibility to study the behavior of the system for small volumes, we have to add the effects of those operators which come from the inverse power of triads. As expected, their eigenvalues have a different behavior than their classical quantities. For this reason we need to use some functions to represent these operators and one natural choice for such functions is to consider the operator's eigenvalues. Therefore, the modified effective equation can be written as
Now, we can rewrite the above equation in terms of the new variables β = c/ |p| and V = |p| 3/2 , with Poisson bracket {β, V } = 4πGγ, as
where D = λϑV −1/3 . The equations of motion are theṅ
and,β
where the derivative A ,V of A(V ) is given by
From these equations one can then find the expansion θ as
Now, it is immediate to see that, since | sin 2(λβ − D)| ≤ 1, the expansion is absolutely bounded. The expansion has some zeros which correspond to turnaround points, which can be either bounces or recollapses. By using the time derivative of the expansion we can identify the nature of turnaround points [18] . The expression forθ iṡ
From this expression we can see that, at a turnaround point whereV = 0, the second term vanishes and, for V > V c , we are left with an equation very similar to the equation one has when inverse volume effects are neglected [18] . In any case, since A(V ) > 0, the nature of the turnaround point is not affected by the inverse corrections. It is useful to consider the matter density, and study the modifications it suffers from the inverse corrections. The density is given by
From this equation one can see that, due to the presence of the factor A(V ), if the volume goes to zero, then the matter density goes to zero as well. Furthermore, using Eqs. (21) and (61), it is easy to show that,
Therefore, the matter density has a global upper limit, a result which is qualitatively different from the previous case without inverse triad correction [18] .
B. Connection Based Quantization
Let us now consider the effective theory for the other quantization, namely the connection based quantization [18] , when inverse volume corrections are considered. The modified effective Hamiltonian with variables β and V is
The equations of motion are then,
The expansion is given by,
and its time derivativė
We can see that the expansion θ is absolutely bounded because in Eq. (66): 1. The maximum and minimum values for cos λβ are 1 and -1, 2. The absolute value of A(V )(sin λβ − ϑλV −1/3 ) is always less than 1 + 3 1/6 ϑ, Therefore, the absolute value of θ is less than 3/(γλ) + 3 7/6 ϑ/(γλ). It should be noted that in the quantization with no inverse corrections [18] , the expansion can not be absolutely bounded on the whole (effective) phase space [19] . Therefore, a direct consequence of the inclusion of such terms is to render the expansion absolutely bounded, as in the case of the k=0 FRW model.
Let us now analyze the behaviour of matter density. First, we have following expression for density
It is now straightforward to see that this expression has an upper limit given by, ρ ≤ 3 8πGγ 2 λ 2 1 + 2λϑV
In previous studies with no inverse triad effects it was seen that density for this model is unbounded [18] . Just as in the case of the expansion, inclusion of inverse effect implies absolute boundedness of the energy density in the whole phase space. Let us end this section with some remarks: i) Just as in the case of the curvature based quantization discussed in the previous part, the density goes to zero as volume goes to zero. This feature is qualitatively different from the case without inverse correction, and has some potentially important ramifications. ii) Another common result for both quantization is that, according to Eqs. (60) and (67), it can be seen that the nature of the turnaround points only depends on the sign ofβ, as discussed in [18] . In particular, this implies that in the evolution there will be more than one type of bounce, a feature not observed in the curvature based quantization [18] .
iii) The fact that both the expansion θ and energy density ρ are absolutely bounded, as is the case in the flat FRLW model, suggests that it might be possible to prove generic nonsingularity results along the lines of [24] . Some results, for the curvature based quantization, were already shown in [25] . iv) One should note that these results regarding the effective theory are, strictly speaking, only an approximation in the following sense. On the one had, in the process of deriving them, we employed the inverse triad corrections which are only important effects for very small volumes. On the other hand, in this regime of small volumes we do not expect to have a good description of the dynamics of semiclassical states (if they exist) in terms of effective equations. It would certainly be worth exploring numerically this regime for exact semiclassical states, and test the validity of the assumptions involved.
VI. DISCUSSION AND CONCLUSIONS
Inverse volume corrections represent a unique feature of loop quantization when regularizing the Hamiltonian constraint operator. There has been some controversy regarding the necessity or 'utility' of including such effects. Loop quantum cosmology represents a very useful framework to explore these kind of issues since we have full control on the effect of such corrections. This has been the main theme of this article. We know, on the one hand, that such corrections are meaningless for the open flat FLRW model (see for instance [3, 6, 7] for discussions), since in that case the invariance of the classical theory under constant rescalings is incompatible with the appearance of a new length scale, as introduced by such correction terms. In the case of closed universes, on the other hand, one should expect that those terms not only are allowed, but might play an important role in the theory. It has been understood for a long time now that those effects are not relevant (despite claims to the contrary in the literature) for singularity resolution; the so called holonomy corrections play a much important role in singularity resolution.
What we have seen here is that, for the closed k=1 model, the inverse corrections do play a role when considering the effective dynamics for both curvature and connection based quantizations. In particular, relevant geometrical and matter scalars become absolutely bounded when such effects are taken into account. This is consistent with the observations of [19] where it was argued that, for spatially curved models, inverse corrections might be useful to cure this undesired feature. Indeed, for a complete quantization of the Bianchi IX models with inverse corrections, several of the relevant geometrical quantities become better behaved [27, 28] .
One might wonder, for instance, what is the relevance of such results for the model considered here, given that, in any case, all effective trajectories do have a bounce and therefore the singularity is resolved. The answer to this question comes when one is interested in considering properties of the system that involve all possible trajectories on phase space. For instance, if one is interested in computing the probability of inflation for such models, one has to consider all possible trajectories and 'weight them' accordingly (along the lines of [20, 21] ). If we ignore the inverse volume corrections, the energy density is unbounded on the phase space so the volume under which one has to integrate to compute the probability of inflation becomes infinite and there seems no natural way to regularize it [29] . However, when the energy density becomes absolutely bounded, then we have a natural cut-off and one can then hope to compute finite probabilities. Another possible consequence of the boundedness of the scalars pertains to generic singularity resolution, for generic matter content. It would be interesting to explore those issues along the lines of [25] . We shall leave these investigations for future publications.
